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Abstract. We investigate trace formulas for Jacobi operators which are trace 
class perturbations of quasi-periodic finite-gap operators using Krein's spec- 
tral shift theory. In particular we establish the conserved quantities for the 
solutions of the Toda hierarchy in this class. 



1. Introduction 

Scattering theory for Jacobi operators H with periodic (respectively more gen- 
eral) background has attracted considerable interest recently. In J2| Volberg and 
Yuditskii have treated the case where H has a homogeneous spectrum and is of 
Szego class exhaustively. In [2] Egorova and we have established direct and in- 
verse scattering theory for Jacobi operators which are short range perturbations of 
quasi-periodic finite-gap operators. For further information and references we refer 
to these articles and |1U|. 

In the case of constant background it is well-known that the transmission coeffi- 
cient is the perturbation determinant in the sense of Krein 0, see e.g., [0] or 
The purpose of the present paper is to establish this result for the case of quasi- 
periodic finite-gap background, thereby establishing the connection with Krein's 
spectral shift theory. 

Moreover, scattering theory for Jacobi operators is not only interesting in its own 
right, it also constitutes the main ingredient of the inverse scattering transform 
for the Toda hierarchy (see, e.g., [S], @], or JI]). Since the transmission 

coefficient is invariant when our Jacobi operator evolves in time with respect to 
some equation of the Toda hierarchy, the corresponding trace formulas provide the 
conserved quantities for the Toda hierarchy in this setting. 

2. Notation 

Let 

(2.1) H q f(n) = a q (n)f{n + 1) + a q (n - l)f(n - 1) + b q (n)f(n) 

be a quasi-periodic Jacobi operator in £ 2 (Z) associated with the Riemann surface 
of the function 

2<?+l 

(2.2) Rlilziz), R2g+2(z) = [] (* " = E o < Ei < ■ ■ ■ < E 2g+1 , 

3=0 
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g G N. The spectrum of H q is purely absolutely continuous and consists of g + 1 
bands 

(2-3) *(H q )=(j[E 2j ,E 2j+1 ], 

3=0 



For every z G C the Baker- Akhiezer functions ip qt ±(z,n) are two (weak) solutions 

I i ■ i ii i i i 1 i . i I .ill/! nilni u.- i /- . ^ 



of fig?/; = zip, which are linearly independent away from the band-edges {Ej} 2 - 9 ^ ' 



since their Wronskian is given by 

<+ 2 (z) 



(2-4) W'gWk-CO.^.+ CO) 



n? =1 («-Mj)" 



Here /i, are the Dirichlet eigenvalues at base point no = 0. We recall that ip q ,±(z, n) 
have the form 



where q> ± (z, n) is quasi-periodic with respect to n and w(z) is the quasi-momentum. 
In particular, \w(z)\ < 1 for z G C\a(H q ) and |w(z)| = 1 for z G <j{H q ). 

We assume that the reader is familiar with this class of operators and refer to 
P] and 50j for further information. 



3. ASYMPTOTICS OF JOST SOLUTIONS 

After we have these preparations out of our way, we come to the study of short- 
range perturbations if of H q associated with sequences a, b satisfying a(n) —* 
a q (n) and b{n) —> b q (n) as \n\ — > oo. More precisely, we will make the following 
assumption throughout this paper: 

Let if be a perturbation of H q such that 

(3.1) (W n ) " a ?( n )l + < 6 ( n ) - Wl) < °°' 

that is, if — H q is trace class. 

We first establish existence of Jost solutions, that is, solutions of the perturbed 
operator which asymptotically look like the Baker- Akhiezer solutions. 

Theorem 3.1. Assume Then there exist (weak) solutions ip±(z,.), z G 

C\{Ej}' 2 ^ ) 1 , of Hip = zip satisfying 

(3.2) lim w(z)* n (ip±(z,n)-ip q>± (z,n))=0, 

n — >±oo 

where ipq,±(z,.) are the Baker- Akhiezer functions. Moreover, ip±(z,.) are contin- 
uous (resp. holomorphic) with respect to z whenever ip q< ±(z,.) are and have the 
following asymptotic behavior 
(3.3) 

zp n 71—1 n 11 

^ ±(z ' n) = £w(n* «.(*)) (l+(^ ± (n)± £* b S-l))- + 0{ V2 )), 

^ ' 3=0 j=l 
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where 

= U^jj-y B +^ = E (b q (m)-b(mj), 

j—n ^ m=n+l 
ri — l /.n n — 1 

(3.4) A.(n) = [] ^> B -N= E (&,("») "Km)). 

Proof. The proof can be done as in the periodic case (see e.g., [2], 01 |H] or |1U| - 
Section 7.5). There a stronger decay assumption (i.e., first moments summable) is 
made, which is however only needed at the band edges {Ej}^^ 1 . □ 

For later use we note the following immediate consequence 

Corollary 3.2. Under the assumptions of the previous theorem we have 
(3.5) 

/ w'(z) w'(z) \ 

lim w(z) Tn ip' ± (z,n)Tn— rT ip±(z,n) - ip' ±(z,n) ± n—-—ip q .±(z,n) = 0, 

n— >±oo V W(Z) W(Z) ) 

where the prime denotes differentiation with respect to z. 

Proof. Just differentiate l|3.2[) with respect to z, which is permissible by uniform 
convergence on compact subsets of ^\{Ej\ 2 ^=Q ■ □ 

We remark that if we require our perturbation to satisfy the usual short range as- 
sumption as in [2] (i.e., first moments summable), then we even have w(z\^ n (%j)'±(z , n) 
<±(*,n))-0. 

From Theorem 13. II we obtain a complete characterization of the spectrum of H. 

Theorem 3.3. Assume \3.1\l . Then we have o~ ess {H) — o~(H q ), the point spectrum 
of H is confined to M\a(H q ). Furthermore, the essential spectrum of H is purely 
absolutely continuous except for possible eigenvalues at the band edges. 

Proof. An immediate consequence of the fact that H — H q is trace class and bound- 
edness of the Jost solutions inside the essential spectrum. □ 

Our next result concerns the asymptotics of the Jost solutions at the other side. 

Lemma 3.4. Assume 13. Then the Jost solutions ip±(z, .), z G C\a(H), satisfy 

(3.6) lim \w{z) Tn {i})±{z,n) - a(z)ip q ±(z,n))\ = 0, 

n— >=poo 

where 

3.7) a (z) = — — — — - — = J , W(ip-{z),ifr+{z)). 

Wg{ip q -(X),ip q , + {z)) R 2 ' g+2 {z) 

Proof. Since H—H q is trace class, we have for the difference of the Green's functions 
lim G(z,n,ri) — G q (z,n,ri) = lim (S n , {{H — z)^ 1 — (H q — z) _1 )(5 n ) = 

n — >±oc n — >±oo 

and hence 

lim ipg (z, n)(ip + (z,n) - a(z)ip q + (z,ri)) = 0, 

n — ► — oo 

which is the claimed result. □ 
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Note that a(z) is just the inverse of the transmission coefficient (see, e.g., or 
Section 7.5). It is holomorphic in C\a(H q ) with simple zeros at the discrete 
eigenvalues of H and has the following asymptotic behavior 

(3.8) a(z) = ^(l + - + 0(z- 2 )), A = A_(0)A + (0), B = B_(l) + B+(0). 

4. Connections with Krein's spectral shift theory and Trace 

formulas 

To establish the connection with Krein's spectral shift theory we next show: 



(4.1) —a{z) = -a(z)^2(G(z,n,n)-G q (z,n,n)), zeC\a(H), 



Lemma 4.1. We have 
d_ 

dz 

n£Z 

where G{z,m,n) and G q (z,m,n) are the Green's functions of H and H q , respec- 
tively. 

Proof. Green's formula (|10|. eq. (2.29)) implies 

n 

(4.2) W n (i> + (z),i>'_(z)) - W m -x{il> + {z)^'_{z)) = E M*,3)4>-(*J), 

j=m 

hence the derivative of the Wronskian can be written as 
d_ 

dz 



= W m W_{z)^ + {z)) + W n {iP-{z),i>' + {z))- J2 i>+{z,j)i>-(z,j). 

j=m-\-l 

Using Corollary 13.21 and Lemma f3. 41 we have 



w 

W m {i)'_{z),ip + {z)) = W m {i/>'_+m—il>-,il>+)- 

w 

w' 

— (m W(ip-, ip-L.) — a(m)ih-(m + l)ip+(m)) 
w v ' 

w' 

-> OcW qtm (lp a _ + m — ljl q ,1p q + )- 

w' 

a-(raf ? (^ r ,^ !+ ) - a q {m)i> q -(m + l)rp qt+ (m)) 

= a(z)W m (^' q ,_(z),ij q , + (z)) 
asm~» — oo. Similarly we obtain 

W n (iP-(z),i>' + (z)) -► a(z)W n (%,-(z),^ + (z)) 
as Ti — > oo and again using l|4.2|) we have 

n 

Collecting terms we arrive at 

w'(ip- (z), i> + (z)) = -J2 i) - (2, i)) 

+a(z)W^ q ,-(z)%,+ (z)). 
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Now we compute 

dz [> dzKWj \W„) W„ 



which finishes the proof. □ 

As an immediate consequence, we can identify a(z) as Krein's perturbation deter- 
minant of the pair H, H q . 

Theorem 4.2. The function Aa{z) is Krein's perturbation determinant: 



(4.3) a^) = 7 det(l+( J ff(t)-^))( J ff g (t)-^)- 1 ), A= JJ 



By [7| , Theorem 1, a(z) has the following representation 
(4.4) a(,)=Iexp^» A 



A V ./„ \ — z J 
where 

(4.5) £ Q (A) = - lim arg a(X + ie) 

is the spectral shift function. 
Hence 

(4.6) Tj = tv(W - (H q y) = j J X^U^dX, 
where Tj/ j are the expansion coefficients of lna(z) around z — oo: 



lna(z) = - In A- V 

^— ' j & 

3=1 

They are related to the expansion (X, coefficients of 

1 °° 

via 

3-1 

(4.7) n = -ai, Tj- = -jay - ^ oij-kTk- 

k=l 
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5. Conserved quantities of the Toda hierarchy 

Finally we turn to solutions of the Toda hierarchy TL r (see, e.g., ^Ojj or 

[lip. Let (a q (t),bq(t)) be a quasi-periodic finite-gap solution of some equation in 
the Toda hierarchy, TL r (a q (t),b q (t)) — 0, and let (a(t),b(t)) be another solution, 
TL r (a(i), &(*)) = 0, such that JOJ holds for all t. 

Since the transmission coefficient T(z,t) — T(z,0) = T(z) is conserved (see 
- formally this follows from unitary invariance of the determinant), so is a(z) — 
T{z)-\ ' 

Theorem 5.1. The quantities 

and Tj = tt(W(t) - H q (t) j ), that is, 

n = b(n,t) - b q (n,t) 

t 2 = ^]2(a(n,t) 2 -a 9 (n,t) 2 ) + (6(n,t) 2 -6 g (n,t) 2 ) 

nGZ 



are conserved quantities for the Toda hierarchy. 
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